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Abstrat
In this paper, we present a new approah to the Kratky-Porod Model (KP) of semiexible poly-
mers. Our solution to the model is based on the denition of a generating funtion whih we use to
study the statistial mehanis of semiexible polymer hains. Speially, we derive mathematial
expressions for the harateristi funtion, the polymer propagator and the mean square end-to-end
distane from the generating funtion. These expressions are valid for polymers with any number
of segments and degree of rigidity. Furthermore, they apture the limits of fully exible and sti
polymers exatly. In between, a smooth and approximate rossover behavior is predited. The
most important ontribution of this paper is the expression of the polymer propagator whih is
written in a very simple and insightful way. It is given in terms of the exat polymer propagator of
the Random Flight Model multiplied by an exponential that takes into aount the stiness of the
polymer bakbone.
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I. INTRODUCTION
Sine the ground-breaking ideas by Kratky and Porod in 1949,
1
theoretial studies of
semiexible polymers based on the KP model have been abundant. In this model, the poly-
mer hain displays resistane to bending deformations. This resistane is modeled using a
free energy that penalizes bending the polymer bakbone. The free energy depends on pa-
rameters (elasti onstants) that are a onsequene of many short-range monomer-monomer
interations. Expliitly, for the ontinuous version of the KP model
2
(alled the Wormlike
Chain Model, WCM) the free energy is
H =
ǫ
2
∫ L
0
ds
(
∂R
∂s
)2
, (1)
where R (s) is the vetorial eld that represents the polymer hain, s is the ar of length
parameter, L is the ontour length of the polymer and ǫ is the bending modulus. In addition,
the loal inextensibility onstraint |dR (s) /ds| = 1 must be satised.
As a onsequene of the bending rigidity, a semiexible hain is haraterized by a persis-
tene length (proportional to the bending modulus) suh that, if the length sale is shorter
than the persistene length, then the hain behaves like a rod while, if the length sale is
larger than the persistene length, then the hain is governed by the ongurational entropy
that favors the random-walk onformations.
The loal inextensibility onstraint has not allowed researhers to nd an exat solution
to the model. Indeed, the onstraint |dR (s) /ds| = 1 is written using a Dira delta distri-
bution in innite dimensions. Depending on how the onstraint is written, |dR (s) /ds| = 1
or (dR (s) /ds)2 = 1, we get an Edwards Hamiltonian that is non-analyti or non-linear,
respetively. Consequently, there is no exat solution of this model at present. However, a
few properties like the rst few moments of the distribution of the end-to-end distane
2,3
are
known exatly.
Indeed, many researhers have addressed the Kratky-Porod and other models of semi-
exible polymers with the purpose of understanding the statistial behavior of this kind of
polymers. Among the many theoretial treatments of semiexible polymers, let us start
by mentioning two very important ontributions done in the 1950s: the work by Daniels
4
who developed expansions of the polymer propagator for a semiexible polymer in inverse
powers of the number of segments and the lassi paper by Benoit and Doty
5
who obtained
2
the exat expression for the average end-to-end distane squared and radius of gyration.
During the following two deades, the eld of statistial mehanis of semiexible polymers
saw a substantial growth thanks to the seminal ontributions of many researhers. For ex-
ample, Fixman and Kovas developed a modied Gaussian model for sti polymer hains
under an external eld (external fore).
6
In this approah, they omputed an approximate
distribution for the bond vetors from whih they were able to ompute the partition fun-
tion and average end-to-end vetor. An alternative approah was proposed by Harris and
Hearst
7
who developed a distribution for the ontinuous model from whih they were able
to ompute the two-point orrelation funtion and, onsequently, the mean-square end-to-
end distane and radius of gyration. A reformulation of the KP model using eld-theoreti
methods was developed by Saitoˆ and oworkers2 who omputed exatly dierent averages
of the end-to-end distane and tangent-tangent orrelation funtion. In addition, Gobush
and oworkers
8
developed an asymptoti expression for the polymer propagator in inverse
powers of the number of segments and, Yamakawa and Stokmayer
9
addressed the rst order
orretions to the end-to-end distane squared and seond virial oeient due to exluded
volume interations. Semiexible polymers were also extensively studied by Freed
10
who
employed eld-theoreti methods to study their statistial behavior. A few years later, he
developed a modied Gaussian distribution approximation to the ontinuous version of the
KP model
11
whih has been re-derived using dierent mathematial methods by Lagowski
and oworkers,
12
and Winkler and oworkers.
13
Similar results were obtained by Zhao and
oworkers
14
who also studied the eet of an external eld. Field-theoreti methods have
also been used by Bhattaharjee and Muthukumar
15
who employed the Edwards-Singh self-
onsistent approah to obtain an eetive Gaussian Hamiltonian from whih they omputed
the average end-to-end distane squared.
In reent years, the advent of new experimental methods that have allowed researhers to
manipulate single moleules has generated new momentum in the area of statistial mehan-
is of semiexible polymers.
16
Indeed, new analytial approahes to semiexible polymers
have been developed by Marko and Siggia, and Kroy and Frey
17
who derived the fore ver-
sus elongation behavior predited by the WCM, Hansen and Podgornik
18
who developed a
non-perturbative 1/d expansion (d being the dimension of the embedding spae), Whilhem
and Frey
19
who omputed the polymer propagator for polymers with large bending rigidities
and Winkler
20
who omputed the same quantity for any value of the stiness of the poly-
3
mer bakbone using the Maximum Entropy Priniple. Finally, it is worth mentioning one
alternative approah to semiexible polymers (Dira hains) developed by Kholodenko.
21
The aforementioned extensive list of approximate treatments of the KP model, though
not exhaustive, does show two major trends. On the one hand, many studies omputed
dierent statistial properties as perturbative orretions to the rod-like and exible limits.
One example of this statement is the seminal paper by Gobush etal. where the polymer
propagator was omputed as a perturbation expansion with respet to the Gaussian hain
model (see Eqs. (22) and (23) in Ref. 8). On the other hand, many researhers have targeted
a few physial properties of the KP model and optimized the approximations to apture these
properties exatly or very aurately. Two examples of this statement are: the paper by
Bawendi and Freed,
11
who optimized their treatment of the KP model (ontinuous version)
to reprodue the bond-bond projetion expetation value exatly and obtained a modied
Gaussian distribution for the end-to-end distane (see Eq. (13) in Ref. 11), and the paper
by Winkler etal.
13
who used a very fundamental onept, the Maximum Entropy Priniple,
to ompute dierent ensemble averages and orrelation funtions (the onstraints used to
optimize the use of the Maximum Entropy Priniple are given by Eqs. (3.25) to (3.28) in Ref.
13). These observations lead naturally to the following two questions . Firstly, we should
ask why do we need so many dierent approximations to solve the same model? and,
seondly, an we nd one approximation apable of prediting all the statistial properties
of the model in suh a way that orretions to these results an be omputed in a systemati
and perturbative fashion ?. Observe that the answer to the latter is armative for the
problem of a single exible polymer with exluded volume interation.
22
In this paper we address the seond question. In other words, we address the KP model
with the purpose of nding one ground state apable of reproduing all the statistial
properties of the model approximately. Furthermore, we require that our ground state
aptures all the statistial properties of the rod-like and exible limits exatly and respets
the loal, not global, inextensibility onstraint. In the rossover region, the solution is not
exat but, we require that it displays the orret physial features as desribed by other
treatments of the model and, moreover, it should be amenable to systemati and ontrolled
orretions alulated in a perturbative manner around the ground state. In this rst
paper, we set the Fixman parameter to zero and leave the exluded volume problem for a
future publiation.
4
The most important predition of this alulation is the polymer propagator whih turns
out to be proportional to the polymer propagator of the Random Flight Model
23
multi-
plied by an exponential arising from the stiness of the polymer bakbone desribed by the
parameter α (see text for details),
P (R) ∼ PRFM (R) exp
[
R2/2αn2
]
,
where n is the number of segments and R is the end-to-end distane. The mathemati-
al simpliity of this expression makes it a very good andidate for the development of a
perturbative treatment of the KP model.
This paper is organized as follows. In setion II, we propose a generating funtion and
obtain an approximate analytial expression for it. This setion also ontains the only
approximation of our alulation. Afterward, we use the generating funtion to alulate
the harateristi funtion, mean squared end-to-end distane and polymer propagator of
the model. In Setion III we disuss the results of our alulations whih are valid for any
value of the stiness of the polymer bakbone and length of the polymer hain. For the
purpose of making our presentation more balaned and objetive, we ompare our results
with those obtained by other researhers. Setion IV ontains the onlusions of our work.
The details of some mathematial alulations are presented in the appendix.
II. THEORY
A. Review of the Kratky-Porod Model and Evaluation of the new Generating
Funtion
Let us onsider a polymer hain as a set of n bond vetors (u0,u1, ...,un−1) onneted in
a sequential manner. Furthermore, let us assume that the length of eah bond vetor is lk
(=Kuhn length) and that pairs of onseutive bond vetors try to be parallel to eah other.
This orientational interation is modeled with a Boltzmann weight given by the following
expression
6,15
exp
(
− ǫ
2l2kkBT
n−2∑
k=0
(uk+1 − uk)2
)
, (2)
5
where ǫ and kBT are the bending modulus and thermal energy, respetively. In addition,
we take into aount the loal inextensibility onstraint with the following term
2
n−1∏
i=0
δ
{
(ui)
2
l2k
− 1
}
. (3)
Equations (2) and (3) dene the KP model ompletely and all the statistial properties
of the model suh as the harateristi funtion, single hain struture fator and other or-
relation funtions, probability distributions like the polymer propagator and their moments
an be alulated. The evaluation of these statistial properties an be easily done using the
following generating funtion
C ({Ψkjp}) ≡
〈
exp
(
n−1∑
k=0
uk ·Ψkjp
)〉
, (4)
where Ψkjp is
Ψkjp ≡ Jk + iq · [Θ(k − j)−Θ(k − p)] . (5)
This denition shows that Ψkjp is an auxiliary tensor. It represents a standard external
soure onsisting of two terms: the rst one, (Jk), represents a dipolar oupling with the
k-th bond vetor and, the seond one, (q), is also a dipolar oupling that is non-zero only
when the k-th bond vetor is between the j-th and p-th ones. The Θ(z) funtion is the
Heaviside step funtion.
24
If the generating funtion given by Eq.(4) is known, then all the aforementioned
statistial properties an be obtained from it by dierentiation with respet to Jk
and/or by assigning spei values to Jk . For example, the harateristi funtion is
C ({iq · [Θ(k − j)−Θ(k − p)]}) from whih the polymer propagator is omputed as the
inverse Fourier transform of C ({iq}), the tangent-tangent orrelation funtion, 〈uj · uk〉,
is omputed as the seond derivative with respet to Jj and Jk whih has to be evalu-
ated at J0 = J1 = ....Jn−1 = 0. Other statistial quantities an also be omputed easily.
6
Consequently, our rst step is to evaluate C ({Ψkjp}) whose expliit form is
C ({Ψkjp}) = 1
z
∫ [n−1∏
i=0
duiδ
{
(ui)
2
l2k
− 1
}]
exp
{
− ǫ
2l2kkBT
n−2∑
k=0
(uk+1 − uk)2 +
n−1∑
k=0
uk ·Ψkjp
}
,
(6)
where z is dened suh that C ({0kjp}) = 1. After writing the delta distributions in Eq.(6) in
terms of their Fourier representations,
25
a Hubbard-Stratanovih transformation
26
is needed
in order to avoid dealing with the quadrati term in uk arising from the exponential repre-
sentation of the delta distributions. As a result, we get
C ({Ψkjp}) = 1
z
∫ [n−1∏
i=0
duidλidΦi
]
exp
(
− ǫ
2l2kkBT
n−2∑
k=0
(uk+1 − uk)2 − 3
2
n−1∑
k=0
[
lnλk + i
2
3
λk
]
+
n−1∑
k=0
uk ·
(
Ψkjp − iΦk
lk
)
− i
4
n−1∑
k=0
Φ2k
λk
)
,
(7)
where λk and Φk are dummy variables arising from the Fourier representation of the delta
and the Hubbard-Stratanovih transformation, respetively. Observe that after redening
Ψkjplk → Ψkjp and uk/lk → uk, the dependene of Eq.(7) on the Kuhn length goes away.
We now proeed to ompute the integrals over λk and uk. The λk-integrals are straight-
forward, the result is
∫ [n−1∏
i=0
dλi
]
exp
(
− i
4
n−1∑
k=0
Φ2k
λk
− 3
2
n−1∑
k=0
[
lnλk + i
2
3
λk
])
∼
n−1∏
i=0
sin[(Φi · Φi) 12 ]
(Φi · Φi) 12
, (8)
where a onstant prefator independent of Φi has been negleted beause of the denition
of z in Eq.(6).
The uk-integrals are exatly doable using saddle point whih is given by the following
expression
uk = u0 − kBT
ǫ
k−1∑
m=0
(Ψmjp − iΦm) (k −m) , (9)
7
where the following onstrain must be fullled
n−1∑
m=0
(Φm + iΨmjp) = 0. (10)
Replaing Eqs.(8) and (9) into Eq.(7), and expressing the onstraint as a delta distribution
in the exponential representation, the generating funtion takes the form
C ({Ψkjp}) = 1
z
∫
du
{∫ [n−1∏
j=0
dΦj
]
exp
[
n−1∑
j=0
ln
(
sin (|Φj |)
(|Φj |)
)
−κn
2
n−1∑
k=0
n−1∑
s=0
(Φk + iΨkjp)Kk, s(Φs + iΨsjp)− i
n−1∑
s=0
u · (Φs + iΨsjp)
]}
,
(11)
where the kernel Kk, s and the parameter κ are dened as
Kk, s ≡
[
1− k
n
− Θ(s− k)
n
(s− k)
]
and κ ≡ kBT
ǫ
. (12)
We refer the reader to Appendix A for some mathematial details of this part of the alu-
lation.
The last step involves the evaluation of the Φj-integrals. Observe that this part of the
alulation is not exatly doable thus, we approximate it as follows. First, we assume that,
for a xed value of s or k, the element of Kk, s that ontributes the most to the integral is
the diagonal one. Thus, we approximate Kk, s by its diagonal elements. The ontributions
arising from non-diagonal elements will be treated in a future publiation. We also perform
a pre-averaging approximation. Consequently, the kernel Kk, s beomes
Kk, s ≃
〈
1− k
n
〉
δks =
1
2
(
1 +
1
n
)
δks, (13)
This is the only approximation of our work. In the next setion, we will show that this
approximation aptures the exible (Random Flight Model) and rod-like limits exatly when
κ → ∞ and κ → 0, respetively. This approximation also provides a very good rossover
behavior for intermediate values of the parameter κ.
Equation (13) transforms the integrand of the u-integral into
IΦ =
n−1∏
s=1
∫
dΦs
sin(|Φs|)
|Φs| exp
[
−iu · (Φs + iΨsjp)− αn
2
(Φs + iΨsjp)
2
]
, (14)
8
where, for the purpose of simpliity, we have introdued a new parameter α ≡ 1
2
(
1 + 1
n
)
κ.
Finally, replaing Eq.(14) in Eq.(11) we obtain the most general expression of the gener-
ating funtion C ({Ψkjp}). In the next setion we evaluate some physial properties of the
KP model using this generating funtion.
B. Charateristi Funtion and the Mean Square End-to-End Distane
Let us start by omputing the harateristi funtion. For this purpose, we make Ψ = iq
in Eq.(11) where q is the sattering wave vetor. Then, the harateristi funtion and the
mean square end-to-end distane an be alulated. The Φ-integration takes the form
IΦ =
n−1∏
j=0
∫
∞
0
dΦ
∫ 1
−1
d (cos (θ))
∫ 2pi
0
dϕ sin(Φ)Φ exp
[
−αn
2
(Φ2 + q2)+
+iq · u+ αnq · Φ− iu · Φ],
(15)
whose alulation is straightforward. Choosing θ to be the angle between the vetors
u and Φ, and θq the angle between q and Φ, then the solution to the ϕ-integral is
2πI0 (αnΦq |sin (θ) sin (θq)|) where I0 (x) is the Bessel funtion of seond lass.27 Hene, the
angular integral, IΩ, reads
IΩ = 2π
∫ 1
−1
d (cos (θ)) exp [(−iuΦ + αnΦq cos (θq)) cos (θ)] I0 (αnΦq |sin (θ) sin (θq)|)
= 4π
sin
(
Φ
√
(u+ iαnq)2
)
Φ
√
(u+ iαnq)2
.
(16)
When we replae this expression into Eq.(15) we obtain the following form for IΦ
IΦ = 4π
∫
∞
0
dΦ sin (Φ)
sin
(
Φ
√
(u+ iαnq)2
)
√
(u+ iαnq)2
exp
(
−αn
2
(Φ2 + q2) + iq · u
)
. (17)
9
The solution of this integral is
= 4π
√
π
2αn
sinh
(
1
αn
√
(u+ iαnq)2
)
√
(u+ iαnq)2
exp
(
− 1
2αn
− (u+ iαnq)
2
2αn
+iq · u− αn
2
q2
)
. (18)
Consequently, the harateristi funtion an be written as follows
C(q) =
2π
N
[
4π
√
π
2αn
]n ∫
∞
0
du
∫ 1
−1
d (cos (θ))


sinh
(
1
αn
√
(u+ iαnq)2
)
√
(u+ iαnq)2


n
u2 exp
(
− u
2
2α
)
,
(19)
where N is the norm whih is dened in suh a way that C (0) = 1.
In the limit of α→∞, Eq.(19) approahes the asymptoti limit given by the formula
Cα→∞(q) ∼
[
sin (q)
q
]n
, (20)
whih is the harateristi funtion of the Random Flight Model.
28
On the other hand, if α→ 0,
Cα→0(q) ∼
∫
∞
0
du
∫
dΩu2−n exp
(
− u
2
2α
+ iqn cos (θ)
)
sinhn (u/αn)
∼ sin (qn)
qn
,
(21)
and the Rod-like limit is reovered.
29
An expression for the entire range of values of α is obtained from Eq.(19). The rst step
is to ompute the integral over the angles, that is
CΩ(q) = 2π
∫ 1
−1
d (cos (θ))


sinh
(
1
αn
√
(u+ iαnq)2
)
√
(u+ iαnq)2


n
, (22)
A variable transformation v2 =
(
u2 − (αnq)2 + 2iuαnq cos (θ)) allows us to rewrite CΩ(q)
10
as follows
CΩ(q) =
2π
iqu
(αn)1−n
∫ (u+iαnq)
αn
−
(u−iαnq)
αn
dv
sinhn (v)
vn−1
. (23)
Replaing the hyperboli sine by exponentials and, after expanding the resulting binomial,
we an rewrite CΩ(q) as follows
CΩ(q) =
π
iqu
(2αn)1−n
n∑
k=0
(−1)k

 n
k

∫ (u+iαnq)αn
−
(u−iαnq)
αn
dv
exp [(n− 2k) v]
vn−1
, (24)
whih is easily alulated in terms of the Inomplete Gamma funtion.
27
The result is
CΩ(q) = −2πi
qu
(2αn)1−n
n∑
k=0
(−1)k

 n
k

 (2k − n)n−2 Im{Γ(2− n, (2k − n) (u+ iαnq)
αn
)}
.
(25)
Going bak to C(q), we note that the range of integration an be expanded to all real
values of u by adding C(q) to its omplex onjugate to get an integrand invariant under the
transformation u→ −u. Then, we integrate it by parts to get
C (q) =
απ(3n/2+1)
qN
(
2
αn
)(n/2+1) n∑
k=0

 n
k

 (−)k
Im
{∫ +∞
−∞
du (u+ iqαn)1−n exp
[
− u
2
2α
+
n− 2k
αn
u+ iq (n− 2k)
]}
.
(26)
The alulation of the integral in Eq.(26) is straightforward. The result is
C (q) =
4π
3(n+1)
2
Nαn−1n
n
2
+1
n∑
k=0

 n
k

 (−1)k exp
(
(n− 2k)2
2αn2
)
Re
(
exp
[
iq (n− 2k)− iπn
2
]
U
(
n− 1
2
,
1
2
,−
[
n− 2k√
2αn
+ iqn
√
α
2
]2))
,
(27)
where U(a, b, c) is Kummer's funtion27 whih an be rewritten in terms of Paraboli Cylin-
der, Whittaker or other funtions. Its mathematial properties like reurrene relations and
integral representations are very well known and tabulated.
27
But, although its mathemat-
11
ial properties are many, we were unable to ompute the real part in Eq.(27) in a ompat
mathematial form.
Kummer's funtion has a ut on the negative real axis. Consequently, the evaluation of
the norm N and the mean square end-to-end distane 〈R2〉 annot be obtained from the
Taylor expansion of Eq.(27) in powers of the wave vetor q. Taking into aount that both
real and imaginary parts of U(a, b,− |c|) have well-known expressions30 we used Eq.(26).
Firstly, we interhanged the sum with the imaginary operator and arried out the sum
whih gives a hyperboli sine to the nth power. Afterward, the integrand was expanded in
powers of the wave vetor to third order and the integrals evaluated. The results are
N =
(2π)3n/2+1
(αn)3n/2−3
Inn−2, (28)
and
〈
R2
〉
=
(2π)3n/2+1
N (αn)3n/2−3
{(
n2 − n) In−2n−2 − n2 [2α (n− 1)− 1] Inn−2 − (n− 1) (n− 2) Inn} ,
(29)
where
Ipm ≡
∫
∞
−∞
dt
sinhp (t)
tm
exp
[
−αn
2
2
t2
]
=
√
πnm−1α1/2−m/2
2p+m/2−1/2

− cos
(πp
2
) p
p/2

 √π (−)m/2
Γ (m/2 + 1/2)
+2
[p/2]∑
k=0
exp
[
(p− 2k)2
2αn2
]
 p
k

 (−)k Re
{
(−i)m U
(
m
2
,
1
2
,−(p− 2k)
2
2αn2
)}
 .
C. Evaluation of the Polymer Propagator
We now proeed to evaluate the polymer propagator. For this purpose, the starting
point is the Fourier transform of the harateristi funtion given by Eq.(26). Firstly, we
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interhange the order of integration as follows
P (R) = R−1N−1
α
2
π(3n/2−1)
(
2
αn
)(n/2+1) n∑
k=0

 n
k

 (−)k
∫ +∞
−∞
du exp
[
− u
2
2α
+
n− 2k
αn
t
]
Im
{∫
∞
0
dq sin (qR) (u+ iqαn)1−n exp [iq (n− 2k)]
}
,
(30)
and evaluate the imaginary part of the q-integral assuming that n is even. After replaing
sin (qR) by its denition in terms of exponentials, the propagator an be written in terms
of the following integrals
W
+
−(R) =
(−1)n2
2 (αn)n−1
Im
{∫ +∞
0
dq
exp (iq (n− 2k ± R))
(q − iu/αn)n−1
}
. (31)
whih an be solved if we onsider q to be a omplex variable and apply Cauhy's theorem.
The evaluation of the W -integrals requires speial attention to the loation of the pole
q = iu/αn beause u an be positive or negative. For reasons of notation, we dene
W+1 ,W
+
2 ,W
−
1 ,W
−
2 suh that the subindies 1 and 2 indiate a solution valid for u ≥ 0
and u ≤ 0, respetively.
We start by evaluating W+ using Cauhy's theorem. If (n− 2k +R) ≥ 0, we hoose the
ontour of integration C1 given in Fig. 1. The result for u ≥ 0 is
W+1 (R) = −
π
2 (αn)n−1 (n− 2)!
{
(n− 2k +R)n−2 exp
[
− t
αn
(n− 2k +R)
]}
. (32)
On the other hand, if u ≤ 0, then W+2 (R) = 0.
The other possibility is (n− 2k +R) ≤ 0. Then, the ontour of integration in Fig. 1
should be C2. This implies that W+1 (R) = 0 and
W+2 (R) =
π
2 (αn)n−1 (n− 2)!
{
(n− 2k +R)n−2 exp
[
− t
αn
(n− 2k +R)
]}
. (33)
The evaluation of W− is done in a similar way. If (n− 2k − R) ≥ 0, then the ontour
of integration should be C1 and the results are W−2 (R) = 0 and W
−
1 (R) = W
+
1 (−R).
13
Otherwise, if (n− 2k − R) ≤ 0, then the ontour is C2 and the results are W−1 (R) = 0 and
W−2 (R) = −W+1 (−R).
Substituting these results into Eq.(30) and evaluating the following integrals
Ak (R) ≡ (n− 2k +R)n−2
∫ +∞
0
dt exp
[
− t
2
2α
− Rt/αLn
]
= (n− 2k +R)n−2
√
πα/2 exp
[
R2/2αn2
] [
1− erf
(
R√
2αn
)]
,
(34)
and
Bk (R) ≡ (n− 2k −R)n−2
∫ 0
−∞
dt exp
[
− t
2
2α
+Rt/αn
]
= (n− 2k − R)n−2
√
πα/2 exp
[
R2/2αn2
] [
1− erf
(
R√
2αn
)]
,
(35)
then, the polymer propagator given by Eq.(30) beomes
P (R) =
π(3n/2+1/2)α3(1−n)/22n/2+1/2
n3n/2 (n− 2)!N exp
[
R2
2αn2
] [(n−R)/2]∑
k=0

 n
k

 (−)k (n− 2k − R)n−2
R
.
(36)
This expression, whih was obtained assuming that n was even, is easily extended to any
number of segments by analyti ontinuation.
A omparison of this result with the one of the Random Flight Model
23
shows that we
an write the nal expression for the propagator in a very simple and insightful way
P (R) =
α3/2 (2π)(3n/2+3/2)
N (αn)3n/2
PRFM (R) exp
[
R2
2αn2
]
, (37)
where the RMF stands for Random Flight Model.
III. RESULTS AND DISCUSSION
The polymer propagator desribed by Eq.(37) learly shows that our treatment of the
KP model aptures the limit of fully exible hains (α→∞) exatly. Indeed, in this limit,
Eq.(37) approahes the well-established expression of the Random Flight Model. Further-
more, Eq.(37) learly shows how the stiness of the polymer bakbone modies the propa-
gator of the RFM. In the other limit (α→ 0), the exponential grows. Consequently, those
14
ongurations of the polymer hain with large end-to-end distane have higher probability
of been realized than the ongurations with small end-to-end distane. This is the orret
physial behavior and is a onsequene of the free energy penalty related to the formation
of hairpins. But, although the exponential funtion grows in this limit, the propagator of
the RFM puts an upper limit to the possible values of the end-to-end distane. This limit is
the number of segments of the hain. This is learly shown in the upper limit of the sum in
Eq.(36). Thus, the polymer hain satises the loal inextensibility onstraint. Another very
important onsequene of Eq.(37) is its mathematial simpliity whih makes this expression
of the polymer propagator a very good starting point for a perturbative treatment of the
KP model as mentioned before.
We plot the normalized radial distribution as a funtion of the end-to-end distane in Figs.
2, 3, 4 and 5. The values of the parameters hosen are: n =6, 10, 20 and 30 Kuhn segments,
and α =0.01, 0.02, 0.03, 0.05, 0.1 and 0.75. The gures learly show that the loation of the
peak in the polymer propagator (multiplied by R2) moves toward larger values of R when the
stiness of the polymer bakbone inreases. This behavior is in good qualitative agreement
with previous results arising from omputer simulation studies
19
and theoretial approahes
based on the Maximum Entropy Priniple.
20
This is the orret result beause the stier the
polymer bakbone, the higher the energeti penalty to bend the hain. Consequently, those
ongurations of the maromoleule with small end-to-end distane will be more and more
hindered as the stiness inreases, while those ongurations with large end-to-end distane
should be more and more favored. Therefore, the peak should shift toward larger values of
R when the stiness inreases as shown by the gures.
Figures 6 and 7 show the polymer propagator for polymer hains with 6, 10, 20 and 30
Kuhn segments and a xed value of the semiexibility parameter. Theses gures show that
the longer the polymer is, the more it behaves like a exible hain sine the loation of peak
(=end-to-end distane divided by the number of segments) moves toward smaller values.
In other words, the longer the polymer is, the less relevant the stiness of the bakbone
beomes.
The two aforementioned eets an be easily rationalized in terms of Eq.(37). Observe
that the stiness parameter α and the length of the hain n do not appear as independent
variables but, as the produt αn2. Therefore, making the hain longer is equivalent to
inreasing the semiexibility parameter thus making the polymer more exible.
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Another interesting result is the limit of very long hains. It is known that in this limit
the polymer propagator of the RFM approahes the one of the Gaussian Chain Model.
28
Thus, Eq.(37) should approah the following expression
P (R) ∼ exp
[
−3R
2
2n
+
R2
2αn2
]
= exp
[
−3R
2
2n
(
1− 1
3αn
)]
≡ exp
[
− 3R
2
2n (leK)
2
]
, (38)
where we have dened an eetive Kuhn length leK (in units of the bare one, lK) as follows
(leK)
2 =
1(
1− 1
3αn
) . (39)
Observe that this renormalized Kuhn length approahes the bare one in the limits of very
long , n → ∞, or very exible hains, α → ∞. This is the expeted result and an be
rationalized using the arguments presented in the previous paragraph. In addition, note
that as the hain beomes shorter or stier, Eq.(39) shows that the eetive Kuhn length
grows. Therefore, the eets of semiexibility beome more relevant.
Figures 8 and 9 show the behavior of C (q), Eq.(27), as a funtion of the wave vetor q
for dierent values of α and two values of n (10 and 20). The gures learly show that our
treatment of the KP model predits a smooth transition from the rod-like to the exible
limit. Moreover, our results apture the ontinuous hange in the qualitative behavior of
this funtion whih hanges from a monotonially dereasing funtion in the exible limit to
an osillating funtion in the rod-like regime. In addition, our omputations predit that the
derease of the harateristi funtion for small values of q should be faster for sti polymers
than for exible ones. This is a onsequene of the fat that rigid polymers have a larger
mean squared end-to-end distane than exible ones for a xed hain length.
The eet of hain length on the harateristi funtion is shown in Fig. 10 for the
partiular ases of hains with 6, 10, 20 and 30 Kuhn segments, and a xed value of the
semiexibility parameter α(= 0.01). This gure shows that the longer the polymer is, the
more it behaves like a exible hain sine the harateristi funtion approahes the one of
a exible polymer hain.
Figures 11 and 12 show the mean squared end-to-end distane 〈R2〉 as funtion of the
semiexibility parameter α for dierent hain length. Speially, Fig. 11 ompares our
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approximate solution, Eq.(29), for n = 8 with the exat one.5 This gure shows that our
approximate solution aptures the limits of exible and rigid polymers exatly and provides
an very good behavior in the rossover. Figure 12 shows the behavior of 〈R2〉 as a funtion
of α for hains with 5, 8, and 10 Kuhn segments.
Finally, we ompute the exponent 2ν in the relationship 〈R2〉 = n2ν . Figure 13 shows
the plot of ln {〈R2〉} as funtion of the number of segments, ln (n), for two values of the
semiexibility parameter, α = 0.001 (rigid) and α = 0.75 (exible). The numerial values of
the slopes are 1.95 and 0.98, respetively. These results are in exellent agreement with the
expeted values for the exponents of rodlike and fully exible hains. Thus, our approah also
aptures the fratal dimensions of both limiting behaviors orretly. We have also studied
intermediate values of the semiexibility parameter and observed a smooth rossover from
the rod-like to the exible limit.
IV. CONCLUSIONS
In this paper we have proposed a new treatment of the KP model based on a generating
funtion. The advantage of our approah is two fold. Firstly, the evaluation of the most
relevant statistial properties of the model is straight forward sine they an be obtained
as derivatives or integrals of the generating funtion. This makes the evaluation of the
generating funtion the ruial step for the solution of the KP model. In our treatment of
this model, we were able to devise one approximation that was able to apture the exible and
rigid limits exatly and, moreover, was able to provide a smooth rossover behavior between
the two aforementioned limiting regimes. This rossover has all the orret qualitative
features as disussed in the previous setion. Furthermore, this approximation respets the
loal, not global, inextensibility onstraint. Seondly, our treatment of the KP model was
able to provide a good, though not unique, ground state around whih a perturbative
treatment an be developed. We speulate that this perturbative alulation should be able
to orret the onsequenes of our approximation in a systemati and ontrolled fashion.
In other words, this perturbative analysis should aount for the orretions arising from
the negleted non-loal terms in the kernel and deviations of the diagonal terms from the
pre-averaging approximation used.
The results presented in the paper are valid for polymers with any number of segments and
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value of the stiness of the polymer bakbone. Speially, we omputed the harateristi
funtion, the mean squared end-to-end distane and the polymer propagator of the KP
model. Other averages like the radius of gyration and/or orrelation funtions like the
single hain struture fator or tangent-tangent orrelation funtions an be omputed in a
straightforward manner, too.
It is worth mentioning that the behaviors predited for the harateristi funtion, poly-
mer propagator and mean squared end-to-end distane are in very good qualitative and
quantitative agreement with results arising from other studies of the KP and Worm-like
Chain Model. This agreement makes us speulate that our future evaluation of the stru-
ture fator, the radius of gyration and other orrelation funtions alulated within the
present level of approximation should give good results at least at the qualitative level.
Perhaps, the most important ontribution of our work is the derived polymer propa-
gator. The mathematial expression obtained for the propagator is very simple, ompat
and insightful. It beomes the exat expression of the Random Flight Model in the ex-
ible limit. But, as the stiness of the polymer bakbone inreases, the propagator of the
RFM is modied by an exponential whih depends on the semiexibility parameter. As a
onsequene, the peak of the radial distribution funtion shifts toward larger values of the
end-to-end distane when the polymer beomes stier. In the limit of innitely sti poly-
mers, the propagator beomes a delta funtion entered at the total ontour length of the
hain. This is the orret result beause the stier the polymer bakbone, the higher the
energeti penalty to bend the hain. This shift of the peak is aompanied by an inrease
in its height and a derease in the width of the distribution.
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Appendix A: SOME MATHEMATICAL ASPECTS OF THE EVALUATION OF
THE GENERATING FUNCTION
In this appendix we explain how the nal expression of the generating funtion, Eq.(11),
was obtained. For the purpose of larity we dene
Υk ≡ (Φk + iΨkjp) , (A1)
then, the uk-integrals in Eq.(7) an be evaluated exatly using saddle point whih is the
solution to the following equations
u1 − u0 = −κΥ0, (A2)
un−1 − un−2 = κΥn−1, (A3)
uk+1 − 2uk + uk−1 = −κΥk, k = 1..n− 2, (A4)
where κ was dened in Eq.(12). The solutions to these equations are given by Eq.(9). More-
over, the onstraint for the soures, Eq.(10), is a onsequene of these equations. Therefore,
if this onstraint is not satised, then Eq. (9) is not the saddle point solution. In addition,
those terms appearing in Eq.(7) an be rewritten as follows
− 1
2κ
n−2∑
k=0
(uk+1 − uk)2 = −κ
2
n−2∑
k=0
(
k∑
m=0
Υm
)2
, (A5)
and also
n−1∑
k=0
uk ·Υk = −κ
2
n−1∑
k=0
n−1∑
m=0
Υm |k −m|Υk. (A6)
We an simplify the sum of these two terms further if we note that
n−1∑
k=0
n−1∑
m=0
Υm |k −m|Υk +
n−2∑
k=0
(
k∑
m=0
Υm
)2
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=
n−1∑
k=0
n−1∑
m=0
Υm |k −m|Υk +
n−2∑
k=0
k∑
m=0
ΥmΥk (n− 1− k) +
n−2∑
k=0
n−1∑
m=k+1
ΥmΥk (n− 1−m) (A7)
=
n−1∑
k=0
n−1∑
m=0
Υm |k −m|Υk −
n−2∑
k=0
n−1∑
m=k+1
Υm (m− k)Υk + (n− 1)
n−2∑
k=0
n−1∑
m=0
ΥmΥk
where the last double sum vanishes beause of the onstraint, Eq.(10). After hanging the
order of summation we arrive at
n−1∑
k=0
n−1∑
m=0
Υm |k −m|Υk −
n−1∑
k=1
k−1∑
m=0
Υm (k −m) Υk. (A8)
The rst double sum, apart from the term k = 0, an be separated into two terms. One
for m ≤ k − 1 and another one for m ≥ k suh that the former anels the seond double
sum in the previous expression. As a result we obtain
n−1∑
k=0
Υ0kΥk +
n−1∑
k=1
n−1∑
m=k
Υm |k −m|Υk
=
n−1∑
k=0
n−1∑
m=0
Υm(m− k)Θ(m− k)Υk.
(A9)
If we now use the onstraint for the Υk's, Eq.(10), we an readily get the quadrati term
in Eq.(11).
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• FIG. 6: Normalized polymer propagator 4πR2P (R) versus R/n for α = 0.01. Continu-
ous line (n = 6), dotted line (n = 10), dashed line (n = 20) and dashed-dashed-dotted
line (n = 30).
• FIG. 7: Normalized polymer propagator 4πR2P (R) versus R/n for α = 0.1. Continu-
ous line (n = 6), dotted line (n = 10), dashed line (n = 20) and dashed-dashed-dotted
line (n = 30).
• FIG. 8: .Charateristi funtion C (q) versus wave vetor q for n = 10. Dashed-
dotted-dotted line (α = 0) (the exat solution of rigid Model), dashed-dashed-dotted
line (α = 0.01), long dashed line (α = 0.04), dashed-dotted line (α = 0.07), dashed
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line (α = 0.1), dotted line (α = 0.75) and ontinuous line (α =∞) (the exat solution
of the Random Flight Model).
• FIG. 9: Charateristi funtion C (q) versus wave vetor q for n = 20. Dashed-dotted-
dotted line (α = 0) (the exat solution of rigid Model), dashed-dashed-dotted line
(α = 0.01), long dashed line (α = 0.04), dashed-dotted line (α = 0.07), dashed line
(α = 0.1), dotted line (α = 0.75) and ontinuous line (α =∞) (the exat solution of
the Random Flight Model).
• FIG. 10: Charateristi funtion C (q) versus wave vetor q for α = 0.01. Dotted
line (n = 6), dashed line (n = 10), dashed-dotted line (n = 20) and ontinuous line
(n = 30).
• FIG. 11: Mean squared end-to-end distane 〈R2〉 versus the parameter α for n = 8.
The dotted line is our approximate solution and the dashed line is the exat solution
of the KP model[? ℄.
• FIG. 12: Mean square end-to-end distane 〈R2〉 (in logarithmi sale) versus the
parameter α. Dashed-dotted line (n = 5), dashed line (n = 8) and dotted line (n = 10).
• FIG. 13: ln {〈R2〉} versus the number of segments ln (n). Continuous line (α = 0.001)
and dashed line (α = 0.75).
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FIG. 1. Contours of integration for the omputation of the polymer propagator.
Comment: Figure 1, First Author: Marelo Maruho, JCP
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FIG. 2. Normalized polymer propagator 4πR2P (R) versus R/n for n = 6. Continuous line
(α = 0.01) , dashed line (α = 0.02), dotted line (α = 0.03), dashed-dotted line (α = 0.05),
dashed-dotted-dotted line (α = 0.1) and dashed-dashed-dotted line (α = 0.75).
Comment: Figure 2, First Author: Marelo Maruho, JCP
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FIG. 3. Normalized polymer propagator 4πR2P (R) versus R/n for n = 10. Continuous
line (α = 0.01) , dashed line (α = 0.02), dotted line (α = 0.03), dashed-dotted line
(α = 0.05), dashed-dotted-dotted line (α = 0.1) and dashed-dashed-dotted line (α = 0.75).
Comment: Figure 3, First Author: Marelo Maruho, JCP
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FIG. 4. Normalized polymer propagator 4πR2P (R) versus R/n for n = 20. Continuous
line (α = 0.01) , dashed line (α = 0.02), dotted line (α = 0.03), dashed-dotted line
(α = 0.05), dashed-dotted-dotted line (α = 0.1) and dashed-dashed-dotted line (α = 0.75).
Comment: Figure 4, First Author: Marelo Maruho, JCP
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FIG. 5. Normalized polymer propagator 4πR2P (R) versus R/n for n = 30. Continuous
line (α = 0.01) , dashed line (α = 0.02), dotted line (α = 0.03), dashed-dotted line
(α = 0.05), dashed-dotted-dotted line (α = 0.1) and dashed-dashed-dotted line (α = 0.75).
Comment: Figure 5, First Author: Marelo Maruho, JCP
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FIG. 6. Normalized polymer propagator 4πR2P (R) versus R/n for α = 0.01. Continuous
line (n = 6), dotted line (n = 10), dashed line (n = 20) and dashed-dashed-dotted line
(n = 30).
Comment: Figure 6, First Author: Marelo Maruho, JCP
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FIG. 7. Normalized polymer propagator 4πR2P (R) versus R/n for α = 0.1. Continuous
line (n = 6), dotted line (n = 10), dashed line (n = 20) and dashed-dashed-dotted line
(n = 30).
Comment: Figure 7, First Author: Marelo Maruho, JCP
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FIG. 8. Charateristi funtion C (q) versus wave vetor q for n = 10.
Dashed-dotted-dotted line (α = 0) (the exat solution of rigid Model),
dashed-dashed-dotted line (α = 0.01), long dashed line (α = 0.04), dashed-dotted line
(α = 0.07), dashed line (α = 0.1), dotted line (α = 0.75) and ontinuous line (α =∞) (the
exat solution of the Random Flight Model).
Comment: Figure 8, First Author: Marelo Maruho, JCP
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FIG. 9. Charateristi funtion C (q) versus wave vetor q for n = 20.
Dashed-dotted-dotted line (α = 0) (the exat solution of rigid Model),
dashed-dashed-dotted line (α = 0.01), long dashed line (α = 0.04), dashed-dotted line
(α = 0.07), dashed line (α = 0.1), dotted line (α = 0.75) and ontinuous line (α =∞) (the
exat solution of the Random Flight Model).
Comment: Figure 9, First Author: Marelo Maruho, JCP
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FIG. 10. Charateristi funtion C (q) versus wave vetor q for α = 0.01. Dotted line
(n = 6), dashed line (n = 10), dashed-dotted line (n = 20) and ontinuous line (n = 30).
Comment: Figure 10, First Author: Marelo Maruho, JCP
34
0 0.5 1 1.5 2
10
20
30
40
50
60
α
<
 R
  >2
FIG. 11. Mean squared end-to-end distane 〈R2〉 versus the parameter α for n = 8. The
dotted line is our approximate solution and the dashed line is the exat solution of the KP
model[? ℄.
Comment: Figure 11, First Author: Marelo Maruho, JCP
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FIG. 12. Mean square end-to-end distane 〈R2〉 (in logarithmi sale) versus the
parameter α. Dashed-dotted line (n = 5), dashed line (n = 8) and dotted line (n = 10).
Comment: Figure 12, First Author: Marelo Maruho, JCP
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FIG. 13. ln {〈R2〉} versus the number of segments ln (n). Continuous line (α = 0.001) and
dashed line (α = 0.75).
Comment: Figure 13, First Author: Marelo Maruho, JCP
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